In this paper, for the first time a method is proposed to compute electromagnetic effects in hadronic processes using lattice simulations. The method can be applied, for example, to the leptonic and semileptonic decays of light or heavy pseudoscalar mesons. For these quantities the presence of infrared divergences in intermediate stages of the calculation makes the procedure much more complicated than is the case for the hadronic spectrum, for which calculations already exist. In order to compute the physical widths, diagrams with virtual photons must be combined with those corresponding to the emission of real photons. Only in this way do the infrared divergences cancel as first understood by Bloch and Nordsieck in 1937. We present a detailed analysis of the method for the leptonic decays of a pseudoscalar meson. The implementation of our method, although challenging, is within reach of the present lattice technology.
I. INTRODUCTION
Precision flavour physics is a particularly powerful tool for exploring the limits of the Standard Model (SM) of particle physics and in searching for inconsistencies which would signal the existence of new physics. An important component of this endeavour is the overdetermination of the elements of the Cabibbo-Kobayashi-Maskawa (CKM) matrix from a wide range of weak processes. The precision in extracting CKM matrix elements is generally limited by our ability to quantify hadronic effects and the main goal of large-scale simulations using the lattice formulation of QCD is the ab-initio evaluation of the non-perturbative QCD effects in physical processes. The recent, very impressive, improvement in lattice computations has led to a precision approaching O(1%) for a number of quantities (see e.g.
Ref.
[1] and references therein) and therefore in order to make further progress electromagnetic effects (and other isospin-breaking contributions) have to be considered. The question of how to include electromagnetic effects in the hadron spectrum and in the determination of quark masses in ab-initio lattice calculations was addressed for the first time in [2] . Much theoretical and algorithmic progress has been made following this pioneering work, particularly in recent years, leading to remarkably accurate determinations of the charged-neutral mass splittings of light pseudoscalar mesons and light baryons (see Refs. [3] [4] [5] [6] [7] [8] for recent papers on the subject and Refs. [9, 10] for reviews of these results and a discussion of the different approaches used to perform QED+QCD lattice calculations of the spectrum).
In the computation of the hadron spectrum there is a very significant simplification in that there are no infrared divergences. In this paper we propose a strategy to include electromagnetic effects in processes for which infrared divergences are present but which cancel in the standard way between diagrams containing different numbers of real and virtual photons [11] . The presence of infrared divergences in intermediate steps of the calculation requires the development of new methods. Indeed, in order to cancel the infrared divergences and obtain results for physical quantities, radiative corrections from virtual and real photons must be combined. We stress that it is not sufficient simply to add the electromagnetic interaction to the quark action because amplitudes with different numbers of real photons must be evaluated separately, before being combined in the inclusive rate for a given process.
In this paper for the first time we introduce and discuss a strategy to compute electromagnetic radiative corrections to leptonic decays of pseudoscalar mesons which can then be used to determine the corresponding CKM matrix elements. Although we present the explicit discussion for this specific set of processes, the method is more general and can readily be extended to generic processes including, for example, to semileptonic decays.
We now focus on the leptonic decay of the charged pseudoscalar meson P + . Let Γ 0 be the partial width for the decay P + → ℓ + ν ℓ where the charged lepton ℓ is an electron or a muon (or possibly a τ ) and ν ℓ is the corresponding neutrino. The subscript 0 indicates that there are no photons in the final state. In the absence of electromagnetism, the non-perturbative QCD effects are contained in a single number, the decay constant f P , defined by
where P + is composed of the valence quarksq 1 and q 2 , and the axial current in (1) is composed of the corresponding quark fields. There have been very many lattice calculations of the decay constants f π , f K , f D (s) and f B (s) [1] , some of which are approaching O(1%)
precision. As noted above, in order to determine the corresponding CKM matrix elements at this level of precision isospin breaking effects, including electromagnetic corrections, must be considered. It will become clear in the following, and has been stressed in [12, 13] , that it is not possible to give a physical definition of the decay constant f P in the presence of electromagnetism, because of the contributions from diagrams in which the photon is emitted by the hadron and absorbed by the charged lepton. Thus the physical width is not just given in terms of the matrix element of the axial current and can only be obtained by a full calculation of the electromagnetic corrections at a given order.
The calculation of electromagnetic effects leads to an immediate difficulty: Γ 0 contains infrared divergences and by itself is therefore unphysical. The well-known solution to this problem is to include the contributions from real photons. We therefore define Γ 1 (∆E) to be the partial width for the decay P + → ℓ + ν ℓ γ where the energy of the photon in the rest frame of P + is integrated from 0 to ∆E. The sum Γ 0 + Γ 1 (∆E) is free from infrared divergences (although, of course, it does depend on the energy cut-off ∆E). We restrict the discussion to O(α) corrections, where α is the electromagnetic fine-structure constant, and hence only consider a single photon.
The previous paragraph reminds us that the determination of the CKM matrix elements V q 1 q 2 at O(α) (i.e. at O(1%) or better) from leptonic decays requires the evaluation of amplitudes with a real photon. The main goal of this paper is to suggest how such a calculation might be performed with non-perturbative accuracy. There are a number of technicalities which will be explained in the following sections, but here we present a general outline of the proposed method. We start with the experimental observable Γ(∆E), the partial width for P + → ℓ + ν ℓ (γ). The final state consists either of ℓ + ν ℓ or of ℓ + ν ℓ γ where the energy of the photon in the centre-of-mass frame is smaller than ∆E:
In principle at least, Γ 1 (∆E) can be evaluated in lattice simulations by computing the amplitudes for a range of photon momenta and using the results to perform the integral over phase space. Such calculations would be very challenging. Since the computations are necessarily performed in finite volumes the available momenta are discrete, so that it would be necessary to choose the volumes appropriately and compute several correlation functions.
We choose instead to make use of the fact that a very soft photon couples to a charged hadron as if to an elementary particle; it does not resolve the structure of the hadron. We therefore propose to choose ∆E to be sufficiently small that the pointlike approximation can be used to calculate Γ 1 (∆E) in perturbation theory, treating P + as an elementary particle. On the other hand, ∆E must be sufficiently large that Γ(∆E) can be measured experimentally. We imagine setting ∆E = O(10 -20 MeV) which satisfies both requirements. From Refs. [14, 15] we learn that resolutions on the energy of the photon in the rest frame of the decaying particle of this order are experimentally accessible. In Appendix B we present a discussion, based on phenomenological analyses, of the uncertainties induced by treating the meson as elementary as a function of ∆E.
It is necessary to ensure that the cancellation of infrared divergences occurs with good numerical precision leading to an accurate result for Γ(∆E). Since Γ 0 is to be calculated in a Monte-Carlo simulation and Γ 1 (∆E) in perturbation theory using the pointlike approximation, this requires an intermediate step. We propose to rewrite Eq. (2) in the form
where V is the volume of the lattice. Γ pt 0 is an unphysical quantity; it is the perturbatively calculated amplitude at O(α) for the decay P + → ℓ + ν ℓ with the P + treated as an elementary particle. In Γ pt 0 the finite-volume sum over the momenta of the photon is performed over the full range. The contributions from small momenta to Γ 0 and Γ pt 0 are the same and thus the infrared divergences cancel in the first term on the right-hand side of Eq. (3). Moreover, the infrared divergences in Γ 0 and Γ pt 0 are both equal and opposite to that in Γ 1 (∆E). The infrared divergences therefore cancel separately in each of the two terms on the righthand side of Eq. (3) and indeed we treat each of these terms separately. Γ pt 0 + Γ 1 (∆E) is calculated in perturbation theory directly in infinite volume. The QCD effects in Γ 0 are calculated stochastically in a lattice simulation and the virtual photon is included explicitly in the Feynman gauge. For each photon momentum this is combined with Γ pt 0 and the difference is summed over the momenta and then the infinite-volume limit is taken. This completes the sketch of the proposed method, and in the remainder of this paper we explain the many technical issues which must be addressed.
It will be helpful in the following to define ∆Γ 0 (L) in terms of the first term on the right-hand side of Eq. (3):
where we have made the dependence on the volume explicit, V = L 3 and L is the length of the lattice in any spacial direction (for simplicity we assume that this length is the same in all three directions). In analogy to Eq. (2) we also define the perturbative quantity
We note that, since the sum of all the terms in Eq. (3) is gauge invariant as is the perturbative rate Γ pt (∆E), the combination ∆Γ 0 (L) is also gauge invariant, although each of the two terms is not.
The plan of this paper is as follows. In the next section we discuss the effective weak
Hamiltonian and its renormalisation in the presence of electromagnetism. The structure of the calculation and the correlation functions which need to be calculated are presented in Sec. III. The evaluation of the second term on the right-hand side of Eq. (3), Γ pt (∆E), directly in infinite volume, is theoretically straightforward and we perform this calculation in Sec. V. Sec. VI contains a detailed discussion of the regularisation and cancellation of infrared divergences in a finite volume. We put all the elements of the calculation together in Sec. VII, where we present a summary and the prospects for the implementation of the method in numerical simulations. There are two appendices. In Appendix A we discuss the matching of the bare lattice operators used in the calculation of correlation functions and those defined in the W -regularisation which is a natural scheme used in the definition of the Fermi constant G F in the presence of electromagnetism. Finally in Appendix B we present some phenomenological estimates of the uncertainties due to the use of the point-like approximation for P + in the decay P + → ℓ + νγ.
In the remainder of the paper, to be specific we choose P + = π + but the discussion generalizes trivially to other pseudoscalar mesons with the obvious changes of flavour labels.
The method does not require P + to be a light psuedo-Goldstone Boson nor on the use of chiral perturbation theory.
II. MATCHING THE EFFECTIVE LOCAL FOUR-QUARK OPERATOR(S) ONTO THE STANDARD MODEL
At lowest order in electromagnetic (and strong) perturbation theory the process ud → ℓ + ν ℓ proceeds by an s-channel W exchange, see the left-hand diagram in Fig. 1 . Since the energy-momentum exchanges in this process are much smaller than M W , it is standard practice to rewrite the amplitude in terms of a four-fermion local interaction:
where the subscript L represents left, corrections, the ultra-violet contributions to the matrix element of the local operator are different to those in the Standard Model and in this section we discuss the matching factors which must be computed to determine the O(α) corrections to the π + → ℓ + ν ℓ decay from lattice computations of correlation functions containing the local operator in (6) . Since the pion decay width is written in terms of G F , it is necessary to start by revisiting the determination of the Fermi constant at O(α).
A. Determination of the Fermi constant, G F G F is conventionally taken from the measured value of the muon lifetime using the expression [16, 17] 
leading to the value G F = 1.16634 × 10
and the inclusion of higher powers of ρ ≡ (m e /m µ ) 2 see Sec. 10.2 of [18] . The Particle Data
Group [18] quote the corresponding value of the Fermi constant to be G F = 1.1663787(6) ×
Eq. (7) can be viewed as the definition of G F . When calculating the Standard Model corrections to the muon lifetime many of the contributions are absorbed into G F and the remaining terms on the right-hand side of (7) come from the diagrams in Fig. 2 . Specifically in these diagrams the factor 1/k 2 in the Feynman-gauge photon propagator is replaced by
, where k is the momentum in the propagator; this is called the W -regularisation of ultra-violet divergences. These diagrams are evaluated in the effective theory with the local four-fermion operator (ν µ γ µ (1 − γ 5 )µ) (ēγ µ (1 − γ 5 )ν e ); the two currents are represented by the filled black circles in Fig. 2.
An explanation of the reasoning behind the introduction of the W-regularisation is given in [19] . The Feynman-gauge photon propagator is rewritten as two terms:
and the ultra-violet divergent contributions come from the first term and are absorbed in 
B. W -regularisation and Weak Decays of Hadrons
It is a particularly helpful feature that most of the terms which are absorbed into the definition of G F are common to other processes, including the leptonic decays of pseudoscalar mesons [20, 21] . There are however, some short-distance contributions which do depend on the electric charges of the individual fields in the four-fermion operators and these lead to a correction factor of (1 + [20] . This is a tiny correction (≃ 0.06%), but one which nevertheless can readily be included explicitly.
The conclusion of the above discussion is that the evaluation of the amplitude for the process π + → ℓ + ν up to O(α) can be performed in the effective theory with the effective
and with the Feynman-gauge photon propagator in the W-regularisation. 
where
The superscript "bare" indicates that these are bare operators in the lattice theory and the presence of 5 operators on the right-hand side of Eq. (10) Having formulated the problem of calculating Γ 0 in terms of the evaluation of correlation functions involving the effective Hamiltonian in Eq. (9) we are now in a position to discuss the calculation of ∆Γ 0 (L), the first term on the right-hand side of the master formula Eq. (3).
III. STRUCTURE OF THE CALCULATION
In this section we begin our explanation of how the calculations of the amplitudes for the processes π + → ℓ + ν and π + → ℓ + νγ are to be performed. Before entering into the details however, we discuss more extensively the structure of the different terms appearing in Eq. (3).
Since we add and subtract the same perturbative quantity Γ pt 0 , we find it convenient to choose this to be the virtual decay rate for a point-like pion computed in the Wregularisation. In this way we obtain the important advantage that the difference of the 
where the superscript tree indicates the width in the absence of electromagnetic effects, (d) denotes the contribution from the leptonic wave function renormalisation and the index α represents the remaining contributions of O(α) other than those proportional to Z ℓ . In this notation the above discussion can be summarised by saying that Γ 
Such matching factors depend, of course, on the lattice discretisation of QCD and we simply present the results for the Wilson action for illustration.
Of course Γ . This is a straightforward perturbative calculation in infinite-volume and gives
where we use the W -regularisation for the ultra-violet divergences and have introduced a mass m γ for the photon in order to regulate the infrared divergences. The explicit expression for Γ tree 0
is given in Eq. (20) below. Using the W -regularisation we naturally work in the Feynman gauge, but note that with m γ as the infrared regulator the result for Z ℓ is generally gauge-dependent. For example, using dimensional regularisation for the ultraviolet divergences and m γ as the infrared regulator leads to a gauge dependent result for this single diagram (gauge invariance is restored of course for Γ pt (∆E)).
In summary therefore, we need to compute the two quantities
are separately infrared finite and the result of the calculation of these two quantities does not depend on the infrared cutoff. In particular, this means that the infrared cutoff can be chosen in two different ways for the two quantities. We have decided to give a mass to the photon in the perturbative calculation of Γ pt (∆E), whereas for ∆Γ 0 (L) a possible convenient choice is to use the finite volume as the infrared regulator. This will be explained in more detail in Sec. VI.
In the following two sections we discuss the calculation of ∆Γ 0 (L) and Γ pt (∆E) respectively.
IV. CALCULATION OF ∆Γ 0 (L)
In this section we describe the calculation of the first term on the right-hand side of
. We start however, by briefly recalling the calculation of Γ 0 at O(α 0 ), i.e. without electromagnetism.
Without electromagnetic corrections we need to compute the correlation function sketched in Fig. 4 , which is a completely standard calculation. Since the leptonic terms are factorized from the hadronic ones, the amplitude is simply given bȳ
Here u, d in the matrix element represent the quark fields with the corresponding flavour quantum numbers and u ν ℓ and v ℓ the spinors of the leptons defined by the subscript. The hadronic matrix element, and hence the decay constant f π , are obtained in the standard way by computing the correlation function
where φ † is an interpolating operator which can create the pion out of the vacuum,
We have chosen to place the weak current at the origin and to create the pion at negative time −t, where t and T − t are sufficiently large to suppress the contributions from heavier states and from the backward propagating pions (this latter condition may be convenient but is not necessary). The subscript or superscript 0 here denotes the fact that the calculation is performed at O(α 0 ), i.e. in the absence of electromagnetism. Z φ 0 is obtained from the two-point correlation function of two φ operators:
For convenience we take φ to be a local operator (e.g. at ( x, −t) in Eq. (18)), but this is not necessary for our discussion. Any interpolating operator for the pion on the chosen time slice would do equally well.
Connected diagrams contributing at O(α) contribution to the amplitude for the decay
Having determined A 0 and hence the amplitudeū
tribution to the decay width is readily obtained
In this equation we use the label tree to denote the absence of electromagnetic effects since the subscript 0 here indicates that there are no photons in the final state.
B. Calculation at O(α)
We now consider the one-photon exchange contributions to the decay π + → ℓ + ν ℓ and show the corresponding six connected diagrams in Fig. 5 and the disconnected diagrams in Fig. 6 . By "disconnected" here we mean that there is a sea-quark loop connected, as usual, to the remainder of the diagram by a photon and/or gluons (the presence of the gluons is implicit in the diagrams). The photon propagator in these diagrams in the Feynman gauge and in infinite (Euclidean) volume is given by
In a finite volume the momentum integration is replaced by a summation over the momenta which are allowed by the boundary conditions. For periodic boundary conditions, we can neglect the contributions from the zero-mode k = 0 since a very soft photon does
FIG. 6: Disconnected diagrams contributing at O(α) contribution to the amplitude for the decay
The curly line represents the photon and a sum over quark flavours q, q 1 and q 2 is to be performed.
not resolve the structure of the pion and its effects cancel in Γ 0 − Γ pt 0 in Eq. (3). Although we evaluate Γ 0 + Γ 1 (∆E) (see Eq. (2)) in perturbation theory directly in infinite volume, we note that the same cancellation would happen if one were to compute Γ 1 (∆E) also in a finite volume. Moreover from a spectral analysis we conclude that such a cancellation also occurs in the Euclidean correlators from which the different contributions to the decay rates are extracted. For this reason in the following Γ 0 and Γ pt 0 are evaluated separately but using the following expression for the photon propagator in finite volume:
where all quantities are in lattice units and the expression corresponds to the simplest lattice discretisation. k, n, x 1 and x 2 are four component vectors and for illustration we have taken the temporal and spatial extents of the lattice to be the same (L).
For other quantities, the presence of zero momentum excitations of the photon field is a subtle issue that has to be handled with some care. In the case of the hadron spectrum the problem has been studied in [22] and, more recently in [3, 4] , where it has been shown, at
, that the quenching of zero momentum modes corresponds in the infinite-volume limit to the removal of sets of measure zero from the functional integral and that finite volume effects are different for the different prescriptions.
We now divide the discussion of the diagrams in We start by considering the connected diagrams 5(a)-(c). For these diagrams, the leptonic contribution to the amplitude is contained in the factor ū ν ℓ (p ν ℓ )γ ν (1 − γ 5 ) v ℓ (p ℓ ) and we need to compute the Euclidean hadronic correlation function
where T represents time-ordering, J ν W is the V -A currentdγ ν (1 − γ 5 ) u and we take −t < 0.
j µ is the hadronic component of the electromagnetic current and we find it convenient to include the charges of the quarks Q f in the definition of j:
where the sum is over all quark flavours f . The factor of 1/2 is the standard combinatorial one.
The computations are performed in Euclidean space and in a finite-volume with the photon propagator ∆ given in Eq. (22) From the correlation function C 1 (t) we obtain the electromagnetic shift in the mass of the pion and also a contribution to the physical decay amplitude, as we now explain.
For sufficiently large t the correlation function is dominated by the ground state, i.e. the pion, and we have
where the electromagnetic terms are included in all factors (up to O(α)). Writing m π = m 0 π + δm π , where δm π is the O(α) mass shift,
so that C 1 (t) is of the schematic form
By determining c 1 we obtain the electromagnetic mass shift, δm π = −c 1 , and from c 2 we obtain the electromagnetic correction to
Note that δm π is gauge invariant and infrared finite, whereas the coefficient c 2 obtained from these diagrams is neither.
In order to obtain the contribution to the π → ℓν ℓ decay amplitude A we need to remove the factor (e −mπt /2m π )Z φ on the right-hand side of Eq. (25), including the O(α) corrections to this factor. Having determined c 1 , we are in a position to subtract the corrections present in m π . The O(α) corrections to Z φ are determined in the standard way, by performing the corresponding calculation to C 1 (t) but with the axial current A replaced by φ:
We finally obtain
and the O(α) contribution to the amplitude from these three diagrams is
For these three diagrams the O(α) term can be simply considered as a correction to f π .
Note however, that such an "f π " would not be a physical quantity as it contains infrared divergences.
The treatment of the disconnected diagrams in Figs. 6(a), (b) and (d) follows in exactly the same way. These diagrams contribute to the electromagnetic corrections to both the pion mass and the decay amplitude in an analogous way to the discussion of the connected diagrams above . It is standard and straightforward to write down the corresponding correlation functions in terms of quark propagators. We do not discuss here the different possibilities for generating the necessary quark propagators to evaluate the diagrams; for example we can imagine using sequential propagators or some techniques to generate all-to-all quark propagators.
The evaluation of diagrams Fig. 5(e)-(f )
For these diagrams the leptonic and hadronic contributions do not factorise and indeed the contribution cannot be written simply in terms of the parameter f π . We start by considering the Minkowski space quantitȳ
where iS M and iD M are the lepton and (Feynman gauge) photon propagators respectively in Minkowski space (more precisely the photon propagator with Lorentz indices (ρ, σ) is iD M g ρσ , but the Lorentz indices have been contracted with the electromagnetic currents in (32)). In order to demonstrate that we can obtain the O(α) corrections to the decay amplitude from a Euclidean space correlation function, we use the reduction formula to rewrite the expression in Eq. (32) as
where π(x) is the field which creates a pion with amplitude 1. On the other hand the Euclidean space correlation function which we propose to compute is
Here S and ∆ are Euclidean propagators, and α, β are spinor indices. Similarly to the discussion in Sec. IV B 1, provided that the pion is the lightest hadronic state then for large t,C 1 (t) is dominated by the matrix element with a single pion in the initial state. In view of the factor e E ℓ t 2 on the right-hand side of Eq. (34), the new feature in the evaluation of the diagrams in Fig. 5 (e) and (f) is that we need to ensure that the t 2 integration converges as |t 2 | → ∞. For t 2 < 0 the convergence of the integral is improved by the presence of the exponential factor and so we limit the discussion to the case t 2 → ∞.
is the energy of the outgoing charged lepton with three-momentum p ℓ . To determine the t 2 → ∞ behaviour, consider the lepton-photon vertex at x 2 from the diagrams in Fig. 5(e) and (f), redrawn in Fig. 7 . k ℓ and k γ are the four-momentum variables in the Fourier transform of the propagators S(x 2 ) and ∆(x 1 , x 2 ) respectively in Eqs. (32) - (34) . The t 2 integration is indeed convergent as we now show explicitly.
1. The integration over x 2 implies three-momentum conservation at this vertex so that in the sum over the momenta k ℓ + k γ = p l , where p ℓ is the momentum of the outgoing charged lepton.
2. The integrations over the energies k 4 ℓ and k 4 γ lead to the exponential factor e −(ω ℓ +ωγ )t 2 ,
, and m γ is the mass of the photon introduced as an infra-red cut-off. The large t 2 behaviour is therefore given by the factor e −(ω ℓ +ωγ−E ℓ )t 2 .
3. A simple kinematical exercise shows that in the sum over k γ (with k ℓ = p ℓ − k γ ), the minimum value of ω ℓ + ω γ is given by
4. Thus for non-zero m γ , the exponent in e −(ω ℓ +ωγ −E ℓ )t 2 for large t 2 is negative for every term in the summation over k γ and the integral over t 2 is convergent so that the continuation from Minkowski to Euclidean space can be performed.
5. We note that the integration over t 2 is also convergent if we set m γ = 0 but remove the k = 0 mode in finite volume. In this case
In summary the t 2 integration is convergent because for every term in the sum over momenta ω ℓ + ω γ > E l and so for sufficiently large t we can writē Again the evaluation of the correction to the amplitude from the disconnected diagram in Fig. 6(c) follows in an analogous way.
V. CALCULATION OF Γ pt (∆E)
The evaluation in perturbation theory of the total width Γ pt = Γ is the rate for process π + → ℓ + ν ℓ γ for a pointlike pion with the energy of the photon integrated over the full kinematic range. We have added the label pt in Γ pt 1 to remind us that the integration includes contributions from regions of phase space in which the photon is not sufficiently soft for the structure of the pion to be reliably neglected. We do not include this label when writing Γ 1 (∆E) because we envisage that ∆E is sufficiently small so that the pointlike approximation reproduces the full calculation.
In our calculation, Γ pt 0 is evaluated in the W-regularisation, so that the ultra-violet divergences are replaced by logarithms of M W . For convenience we rewrite here the expression for Γ pt (∆E) from Eq. (16) have already been presented in Eqs. (20) and (15) respectively. In the following we give separately the results of the remaining contributions to Γ pt (∆E) also using a photon mass m γ as the infrared regulator. We neglect powers of m γ in all the results.
In the perturbative calculation we use the following Lagrangian for the interaction of a point-like pion with the leptons:
The corresponding Feynman rules are:
In addition we have used the standard Feynman rules of scalar electromagnetism for the interactions of charged pions in an electromagnetic field.
We start by giving the O(α) contributions to Γ α,pt 0 .
• Wave function renormalisation of the pion: The contribution of the pion wave function renormalisation to Γ α,pt 0 is obtained from the diagrams in Fig. 8 and is given by
These diagrams correspond to those in Fig. 5(a • π -ℓ Vertex: The remaining graphs contributing to Γ Next we give the contributions to Γ 1 (∆E) where the real photon is emitted and absorbed by the pion (ππ), the charged lepton (ℓℓ) or emitted by the pion and absorbed by the lepton or vice-versa (πℓ). The results are presented in the Feynman gauge:
where ε µ (k, r) are the polarisation vectors of the real photon carrying a momentum k, with k 2 = 0 in Minkowski space.
• Real photon emission, ππ: The contribution to Γ 1 (∆E) from the emission and absorption of a real photon from the pion, represented by diagram (a) in Fig. 10 , is given by 
(47)
• Real photon emission, πℓ: Finally, the contribution to Γ 1 (∆E) from the emission of a real photon from the pion and its absorption by the charged lepton, represented by the diagrams (c) -(f) in Fig. 10 , is given by
Li 2 (1 − r 2 ℓ ) and We are now in a position to combine the results in Eqs. (40) - (49) in order to obtain the final expression for Γ pt (∆E). As expected the infrared cutoff cancels and we find
Note that the terms in square brackets in eq. (50) vanish when r E goes to zero; in this limit Γ pt (∆E) is given by its eikonal approximation.
The total rate is readily computed by setting r E to its maximum value, namely r E = 1−r 2 ℓ , giving
.
The result in Eq. (51) agrees with the well known results in literature [16, 17] , which provides an important check of our calculation. We believe that the result in Eq. (50) is new.
In the description of our method above, we limit the photon's energy to be smaller than ∆E to ensure that the photon is sufficiently soft for the pointlike approximation to be valid in the evaluation of Γ 1 (∆E). It is of course possible instead to impose a cut-off on the energy of the final-state lepton, requiring it to be close to its maximum value E max ℓ = mπ 2
(1 + r 2 ℓ ). For completeness we also give, up to O(∆E ℓ ), the distribution for Γ pt (∆E ℓ ) defined as 
VI. REGULARISATION AND CANCELLATION OF INFRARED DIVERGENCES IN FINITE-VOLUMES
In the previous section we have explicitly demonstrated the cancellation of infrared divergences in the perturbative quantity Γ pt (∆E). This of course is simply the standard Bloch-Nordsieck cancellation [11] . In this section we discuss in more detail the cancellation
We have already explained in Sec. III that the contribution of the lepton's wave function renormalisation in ∆Γ 0 (L) is simply to introduce the tilde inΓ α 0 , denoting that the corresponding contribution to the matching factor between the lattice and W -regularisations is to be removed. We also do not discuss further the evaluation of the remaining infrared-finite terms in the matching factor because these are straightforward to evaluate (see e.g. Eq. (14) for the Wilson action). Here we concentrate on the remaining diagrams in Figs. 5 and 6 and the corresponding diagrams for the point-like meson.
Although the right-hand side of Eq. (54) is a difference of decay widths, since at this order the widths are linear in the O(α) virtual amplitude, we can equivalently consider the difference of the O(α) contributions to the amplitudes. In order to reduce statistical fluctuations when performing the sum over the gauge field configurations, we define the ratios
whereÃ α and A α,pt are the O(α) amplitudes corresponding to the widths in Eq. (54). The non-perturbative amplitudeÃ α is precisely the quantity that we propose to compute nu-merically in a lattice simulation. It is then combined with A α,pt , for which we have given the explicit expression in infinite volume in Sec. V.
In the calculation of A α,pt we set the mass of the photon to zero and consider the theory on a finite volume of length L, which will be used as an infrared regulator. The form of the vertices and propagators is the same as in the infinite volume (the ultraviolet cutoff is provided by the W-regularisation), but the momenta are quantized k µ = 2π/L × n µ = 2π/(Na) × n µ where −∞ ≤ n µ ≤ +∞ and N is the number of lattice sites in one direction, which for simplicity we take to be the same in all directions.
The calculation ofÃ α 0 is performed non perturbatively on the same finite volume as in the perturbative case, but in a numerical simulation and with the photon propagator defined as in Eq. (22), which does not contain the zero mode. Indeed, as already discussed in Sec. IV B, the zero mode does not contribute to the difference
This is a gauge invariant, ultraviolet and infrared finite quantity and for these reasons we expect that its finite volume effects are comparable to those affecting the O(α) corrections to the hadron masses (that are also gauge invariant, ultraviolet and infrared finite). The formalism introduced in this paper was necessary because Γ 0 and Γ 1 are separately infrared divergent.
We should add that in principle any consistent regularisation of the infrared divergences is acceptable. The main criterion for the choice of the infrared regulator will be determined by the precision of the terms remaining after the cancellation of the infrared divergences in a numerical simulation.
VII. SUMMARY AND PROSPECTS
Lattice calculations of some hadronic quantities are already approaching (or even reaching) O(1%) precision and we can confidently expect that the uncertainties will continue to be reduced in future simulations. At this level of precision, isospin-breaking effects, including electromagnetic corrections, must be included in the determination of the relevant physical quantities. In this paper we present, for the first time, a method to compute electromagnetic effects in hadronic processes. For these quantities the presence of infrared divergences in the intermediate stages of the calculation makes the procedure much more complicated than is the case for the hadronic spectrum, for which calculations in several different approaches [3] [4] [5] [6] [7] [8] already exist. In order to obtain physical decay widths (or cross sections) diagrams containing virtual photons must be combined with those corresponding to the emission of real photons. Only in this way are the infrared divergences cancelled. We stress that it is not sufficient simply to add the electromagnetic interaction to the quark action because, for any given process, the contributions corresponding to different numbers of real photons must be evaluated separately.
We have discussed in detail a specific case, namely the O(α) radiative corrections to the leptonic decay of charged pseudoscalar mesons. The method can however, be extended to many other processes, for example to semileptonic decays. The condition for the applicability of our strategy is that there is a mass gap between the decaying particle and the intermediate states generated by the emission of the photon, so that all of these states have higher energies than the mass of the initial hadron (in the rest frame of the initial hadron).
In the present paper, we have limited the discussion to real photons with energies which are much smaller than the QCD scale Λ QCD . This is not a limitation of our method and in the future one can envisage numerical simulations of contributions to the inclusive width from the emission of real photons with energies which do resolve the structure of the initial hadron. Such calculations can be performed in Euclidean space under the same conditions as above, i.e. providing that there is a mass gap.
In the calculation of electromagnetic corrections a general issue concerns finite-size effects. In this respect, our method reduces to the calculation of infrared-finite, gauge-invariant quantities for which we expect the finite-size corrections to be comparable to those encountered in the computation of the spectrum. This expectation will be checked in forthcoming numerical studies and studied theoretically in chiral perturbation theory. Indeed an analytical calculation of the finite-volume effects requires a detailed analysis of the form factors parametrising the structure dependent contributions (see. Eq. (B4)).
Although the implementation of our method is challenging, it is within reach of present lattice technology particularly as the relative precision necessary to make the results phenomenologically interesting is not exceedingly high. Since the effects we are calculating are, in general, of O(1%), calculating the electromagnetic corrections to a precision of 20% or so would already be more than sufficient. As the techniques improve and computational resources increase, the determination of both the QCD and QED effects will become even more precise. We now look forward to implementing the method described in this paper in an actual numerical simulation.
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where Γ X,Y are Dirac matrices. We consider the following basis of five four-fermion operators given in Eq. (11):
The complete basis is made up of ten operators. The five additional operators are obtained We define Z ij (aM W ) to be the matrix which relates the operators O i (i=1 -5) in the lattice and W -regularisations:
In order to perform the matching we adapt the RI-MOM renormalisation procedure developed for QCD [24] , although, as described below, all the calculations here are performed in perturbation theory. Let Λ latt i
and Λ W i (i=1 -5) be the amputated 4-quark Green function of the operator O i with the lattice and W regularisations respectively, both with external momenta p as illustrated in Fig. 11 . We determine Z by imposing that
The projectors P j are defined by their action on the tree-level Green function Λ
where the trace here and in Eq. (A4) is defined by Tr (
,ℓ are the matching factors for the wave function renormalisation constants of the corresponding fermion fields, e.g.
Consider the perturbative expansion of the amputated bare Green function in powers of the electromagnetic coupling in either the lattice or W -regularisations,
In order to implement the matching conditions between the two regularisation schemes we require the quantities Tr (Λ i P j ) in both schemes. At one-loop order we write 
We represent the matching of the wave functions in the lattice and W -regularisations up to one-loop order by Z q = 1 + (α/4π) Z 
We have presented the O(α) contribution to the matching factor for the wave function of the charged lepton in Eq. (13) of Sec. III: In order to evaluate the matrices C ij and D ij it is necessary to compute the Feynman diagrams shown in Fig. 11 in the two regularisation schemes. All the external momenta are chosen to be equal to p and all external particles are taken to be massless. We deduce D ij from the results of the corresponding QCD calculation performed in [25] . (Ref. [25] includes a package containing an ASCII file, in order to make the results most easily accessible to the reader.) Diagrams 1, 2, 3 of Fig. 11 correspond to the diagrams d 5 , d 6 and d 1 of [25] .
The expression for the lattice wave function renormalisation can be obtained from [26] .
We now present results for the standard Wilson fermions and the "naïve" QED gauge action, for which the tree-level lattice photon propagator in the Feynman gauge is given in Eq. (22) . In infinite volume the sum over momenta in Eq. (22) is replaced by the corresponding integral. By combining the ingredients discussed above, we obtain the following result for the O(α) contribution to the renormalisation matrix Z ij of Eq. (A8): L W − 15.692
where The lattice results in [25, 26] are also given for a number of pure gauge actions including the tree-level Symanzik and Iwasaki actions. For completeness we give below the results for the renormalisation matrix for these two choices of the gauge action: L W − 12.518 L W − 11.777
The structure dependent component can be parametrised by four independent invariant form factors which we define as
Note that the vector Ward Identity k µ H µν = f π p ν π , derived in Ref. [29] , is saturated by H µν pt
As discussed in the main body of the paper, H µν pt also contains the infrared divergences which appear in the virtual-and real-photon contributions to the decay rate. These observations motivate the decomposition in Eq. (B2).
In the calculation of the decay rate for π + → ℓ + ν ℓ γ the tensor H µν is contracted with the polarisation vector of the real photon. In physical gauges with ε ⋆ · k = 0 we define
so that
showing that the structure dependent part of the decay rate can be parametrized in terms of the two form factors F V and F A .
Before performing the integrations over the three-body phase space, the differential decay rate can be expressed as a function of the two independent Dalitz variables (p π = p ℓ + p ν + k)
The decay rate as a function of the photon's energy in the pion's rest frame can be obtained by performing the integration over x ℓ with the limits x ℓ ∈ x min ℓ , x max ℓ where have been defined in the main body of the paper (see Eq. (37)). Notice that the quantity in the denominator of R A 1 (∆E) is infrared finite (although it does depend on M W , the ultraviolet cutoff in the W -regularisation).
In the following we use phenomenological parametrisations of the form factors in order to estimate the size of the structure-dependent contributions to the decay rate Γ 1 . For the case of light mesons, we can use the results of the calculations of refs. [29] [30] [31] (see also ref. [34] ) based on chiral perturbation theory and approximate the form factors as constants. At O(p 4 ) in chiral perturbation theory,
where P = π or K and L Ref. [35] ; the values of F V and F A are 0.0254 and 0.0119 for the pion and 0.096 and 0.042 for the Kaon (for the pion these values of the form factors, obtained from direct measurements, can be found in the supplement to [35] found in [36] ). In Figs. 12 and 13 we compare the point-like, structure-dependent and interference contributions to the decays π → ℓνγ and K → ℓνγ respectively. As can be seen, interference contributions are negligible in all the decays. The structure-dependent contributions can be sizeable because they are chirally enhanced with respect to the point-like contribution (notice the factor 1/r 2 ℓ in the second equation in (B12)). From the phenomenological estimates of the form factors, this happens for the real decay K → eν e γ. On the other hand, for E γ < 20 MeV both structure dependent and interference contributions can be safely neglected with respect to the pointlike contributions for all the decays of pions and the decay K → µνγ. We learn from Refs. [14, 15] that a cutoff on the energy of the photon in the rest frame of the decaying particle of O(20 MeV) is experimentally accessible.
The application of chiral perturbation theory described above does not apply to the decays of D and B mesons and we believe that for these decays a lattice calculation of F V,A (x γ ) In the absence of lattice calculations of the form factors, we note the phenomenological analysis of Ref. [37] , based on the extreme assumption of the single pole dominance, B * for F V and B 1 (5721) for F A (in reality many other virtual states contribute to the form factors):
with C V = 0.24 and C A = 0.20. The corresponding ratios R 1 are shown in Figure 14 , from which it can be seen that under this assumption the structure-dependent contributions to Going from left to right, the plots correspond to ℓ = e, ℓ = µ and ℓ = τ respectively.
B → eν e γ for E γ ≃ 20 MeV can be very large, but are small for B → µν µ γ and B → τ ν τ γ . 
